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O I Abstract 

. We investigate the eigenvalues of the buckling problem of arbitrary order on compact domains 

in Euclidean spaces and spheres. We obtain universal bounds for the fcth eigenvalue in terms of the 
lower eigenvalues independently of the particular geometry of the domain. 

1. Introduction 



(N 



o 

' Let r2 be a connected bounded domain with smooth boundary in an n{> 2)-dimensional Euclidean space 

f~i . JR" and let v be the outward unit normal vector field of dfl. Denote by A the Laplacian operator on 

' IR". Let us consider the following well-known eigenvalue problems : 

(1.1) Au = — Au in fl, u = 0, on dfl, 

du 

(1.2) A^u = T]u in n, u = — = 0, on dn, 

ov 

■ (1-3) A^u = -AAu in f7, u = = 0, on dVl. 

\o\ 

, They are called the fixed membrane problem] the clamped plate problem and the bucking problem, respec- 

CN ' tively. Let 

< Ai < A2 < Ag < ■ • ■ , 

Q> I < 7/1 < 7^2 < A3 < • ■ • , 

O ■ < Ai < A2 < A3 < • ■ • 

denote the successive eigenvalues for (1.1), (1.2) and (1.3), respectively. Here each eigenvalue is repeated 

■ according to its multiplicity. Deriving bounds for these (and other) eigenvalues is an important theme 
H \ of mathematical analysis. In most cases, eigenvalues are controlled by the geometry of the underlying 

domain, the n-dimensional ball often representing an extremal case. On the other hand, it has been 
found that one can also control higher eigenvalues in terms of lower ones, completely independently of 
the geometry of the domain (apart from its dimension). Such eigenvalue bounds are called universal. 
Universal bounds for the eigenvalues Afc+i, r]k+i and Afc+i have been derived by many mathematicians, 
and we shall now recall the pertinent results. Payne, Polya and Weinberger ([PPWl], [PPW2]) proved 
the bound 

2 ' 



(1.4) Afc+i-Afe<-^A„ /c = l,2,. 

1=1 

for C IR^ . This result easily extends to C iR" as 

fc 

kn 



(1.5) Afc+i - Afe < ^ A„ fc=l,2. 
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In 1980, Hile and Protter [HP] proved 



(1.6) ^^^>^, forfc = l,2,.... 
In 1991, Yang proved the following much stronger inequality [Y]: 

(1.7) ^(Afc+i - Ai) (^Afc+i - (^1 + Ai^ < 0, for fc = l,2,.--. 

The inequality (1.7) is the strongest of the classical inequalities that are derived following the scheme 
devised by Payne-Polya- Weinberger. Yang's inequality provided a marked improvement for eigenvalues 
of large index. It should be also mentioned that the development of Yang's inequality came to fruition 
only thanks to the work of M. S. Ashbaugh [A2] and that of Harrell-Stubbe [HS]. In fact, it was Harrell- 
Stubbe who first explained the key commutator facts behind the "trick" introduced by H. C. Yang in 
the traditional Payne-Polya- Weinberger scheme and introduced the Yang inequality to the mathematical 
physics and geometry community. This trick was explained in further work of Ashbaugh (and later in 
the work of Ashbaugh-Hermi [AHl], [AH2]) as an instance of the use of the "optimal Cauchy-Schwarz" 
inequality. It was Ashbaugh who dubbed it the "Yang inequality" . The optimal Cauchy-Schwarz trick is 
what enabled Cheng- Yang [CY2] and Wang-Xia [WXl] to extend the earlier work of H. C. Yang to the 
case of the clamped plate problem for bounded domains of Euclidean space and of minimal submanifolds 
of the same space, respectively. This is the trick that makes all extensions a la H. C. Yang. The arguments 
around this trick were later generalized by Harrell [H], Harrell-Michel [HMl], [HM2] and Levitin-Parnovski 
[LP], following the commutator method via Rayleigh-Ritz. 

Consider now the problem (1.3) which is used to describe the critical buckling load of a clamped plate 
subjected to a uniform compressive force around its boundary. In 1956, Payne, Polya and Weinberger 
proposed in [PPW2] the following 

Problem 1. Can one obtain a universal inequality for the eigenvalues of the buckling problem (1-3) that 
is similar to the universal inequalities for the eigenvalues of the fixed membrane problem (1.1) ? 

Ashbaugh [Al] mentioned this problem again. With respect to the above problem, Payne, Polya and 
Weinberger proved 

A2/A1 < 3 for C IB?. 

For n C JR" this reads 

A2/A1 < 1 + 4/n. 

Subsequently Hile and Yeh [HY] reconsidered this problem obtaining the improved bound 

A,^n^ + 8n + 20 ^^^^ ^„ 
Al - (n + 2)2 

Ashbaugh [Al] proved : 

n 

(1.8) ^Ai+i < (n + 4)Ai. 

i=l 

Recently, Cheng and Yang introduced a new method to construct trial functions for the problem (1.3) 
and obtained the following universal inequality [CY3] : 

k k 

(1.9) Y.i^k+1 - Kf < Y.{^k+i - Ai)A,. 
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It has been proved in [WX2] that for the problem (1.3) if Q is a bounded connected domain in an 
n-dimensional unit sphere, then the following inequality holds 



(1.10) 



2E(Afc+i-A,)' 

k , 

i=i ^ 



dHAi-{n-2)) 
4{6Ai + n - 2) 



^ k , 
-E(Afe+i - Ai) f Ai + 



(n - -if 



where ^ is any positive constant. 

In this paper, we will investigate the eigenvalues of the buckling problem of higher order: 



(1.11) 



(-A)'u = -AAu in f2, 



du 
dv 



Ql- 



0, 



an 



where is a connected bounded domain in a Euclidean space or a unit sphere and I is any integer no 
less than 2. 

For the eigenvalues of the problem (1.11), Chen-Qian([CQ]) obtained some upper bounds on the fcth 
eigenvalue in terms of the lower ones when k is small and Q. is contained in a Euclidean space. To the 
authors' knowledge, there are no universal inequalities on A^ in terms of Ai, • • • , A^-i for general k. The 
purpose of this paper is to prove such inequalities. Namely, we will prove 

Theorem 1.1. Let I > 2 and let Aj he the i-th eigenvalue of the following eigenvalue problem: 



(1.12) 



(-A)'m = -AAu in f2, 



U\dQ. 



du 



on 



i-i 



0. 



an 



where is a connected bounded domain in an n-dimensional Euclidean space with smooth boundary dQ 
and V is the unit outward normal vector field of dfl. Then for k — I, ■ ■ ■ , we have 



(1.13) J2(^k+i-Aif 



.1/2 ( k 



1/2 



< 



2(2/ +(n-4)Z + 2-n) . ^^^^^^ _ ^^.^-.y,-., I I j^iA,,, - A.)aV(-^) 



1/2 



. i=l 



Remark. If wc take / = 2 in Theorem 1.1, then wc obtain Cheng- Yang's inequality (1.9). 
From Theorem 1, we can obtain more explicit inequalities which are weaker than (1.13): 
Corollary 1.1. Under the same assumptions as in Theorem 1, we have 



i=l 



2(2/2 + (n-4)Z + 2-n) 



,'i=i 



2 / k 



EA 

U=l 



(i-2)/a-i) 



EA 



l/(/-l) 



,i=l 



■It ".-Ih 



2^2 
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and 
(1.15) 



Afe+i < 1 + 



2(2/2 + (n-4)Z + 2-n)\ ^ 



2(2/2 + _ 4)^ + 2 - n) 1 

k 



i=l 



- 1 + 



4(2/2 + (n-4)/ + 2-n)\ ^ 



1/2 



We then prove the following universal inequalities for eigenvalues of the buckling problem of higher 
orders on spherical domains. 

Theorem 1.2. Let I > 2 and let Aj be the i-th eigenvalue of the following eigenvalue problem: 

(1.16) (-A)'u = -AAm in n, 



u\dn = 



du 



Ql- 



dQ 



= 0. 



dn 



where is a connected bounded domain in an n-dimensional Euclidean sphere with sm,ooth boundary dQ 
and V is the unit outward normal vector field ofdil. For each q = 0,1, - ■ ■ , define the polynomials Fq and 
Gq inductively by 



(1.17) 



Fo = Go = l, Fi{t)=t-{n + 2), Gi{t) = 3t + n - 2, 



(1.18) Fg{t) = (2i - 2)Fg_i(f) - (i2 + 2t- n{n - 2))Fg_2(f), 

(1.19) Gg{t) = {2t-2)Gg-i{t)-{t^ + 2t-n{n-2))Gg-2{t), q = 2,--- 

Set 

(1.20) tFi^2{t) - Gi-2(t) - i'-' + a;-2i'"' + ■ ■ ■ + ait + oq. 
Let S be any positive number and k be a positive integer. Then we have 



(1.21) 



5:(A,+,-A,)2 2+— — 



n-2 



i=l 
k 



/(«-l) 
fc 



A,^'^'-^^-(n-2)^ 



< S ^(Afc+1 - AifHi + - ^(Afe+i - Ai) ( aY^'-'^ + 

i=l i=l ^ 



/q-i) , (^-2)^ 
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where 
(1.22) 



i-2 



Hi 



(n-2)y 



Remeirk. When / = 2, it is easy to see that 

a = 1 + A. ( 1 



Ai-{n- 2) 
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and so the inequality (1.21) in this case can be written as 

fc 

(1.23) 2^(Afe+i-A,)' 



i=l 

fc 



1 \ n-2 



+lBA.«-A.)fA.""-' + ^ 



Observe that (1.23) is sharper than (1.10) since for any 5 > 0, we have 



Ai - (n - 2) ; Ai - (n - 2) - 4(Mi + n - 2) " 

From Theorem 1.2, we can obtain an exphcit upper bound on A^+i in terms of Ai, • • • , A^ which is 
weaker than (1.21). 

Corollary 1.2. Let the assumptions and the notations be as in Theorem 1.2. It holds 



(1.24) Kk+l<Ak+l + ^JAl^^-Bk+l, 

where 



k c\ k ^ fc A k 



(1.25) A,^, = ^ J2a^ + A_J2t„ B,+, = 1 ^ a? + -i^ T.A„ 

%=1 1=1 %=\ l—l 



2. Proofs of the Results 

Before proving our results, let us recall a method of constructing trial functions developed by Cheng- Yang 
(Cf. [CY3], [WX2]). Wc will state it in a quite general form since we believe that it could be useful for 
studying eigenvalues of the buckling problem of high orders on compact domains of complete submanifolds 
in a Euclidean space. Let M be an n-dimensional complete submanifold in an m-dimensional Euclidean 
space iR"' . Denote by (, ) the canonical metric on _ZR™ as well as that induced on M. Denote by A and 
V the Laplacian and the gradient operator of M, respectively. Let be a bounded connected domain of 
M with smooth boundary dO. and let v be the outward unit normal vector field of 90. For functions / 
and g on 0, the Dirichlet inner product {f,g)D of / and g is given by 

if,9)D= f (V/, Vg). 
Jn 

The Dirichlet norm of a function / is defined by 

\\f\\D = {{f,f)DV/'=( f \VfA'^\ 
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Consider the eigenvalue problem 
(2.1) 



(-A)'u = -AAu in fl, 



du 



d' 



an 



= 0. 



an 



Let 



< Ai < A2 < A3 < • • • , 

denote the successive eigenvalues, where each cigcnvahie is repeated according to its multiplicity. 

Let Ui be the i-th orthonormal eigenfunction of the problem (2.1) corresponding to the eigenvalue Aj 
z = 1, 2, • • • , that is, Ui satisfies 



(2.2) 



(-A) Wi = -AiAui in f2. 



an 



dv''- 



an 



{ui,Uj)D= / {yui,Vuj) = 5ij, y 
Jn 



For fc = 1, • • • , let V*^ denote the fc-th covariant derivative operator on M, defined in the usual weak 
sense via an integration by parts formula. For a function / on Cl, the squared norm of V'^/ is defined as 
(cf. [He]) 



(2.3) 



where ei, • • • , e„ are orthonormal vector fieds locally defined on fl. Define the Sobolev space Hf{^}) by 

Hfin) = {f: f, |v/|,--.,|v7| ei'(f^)}. 

Then Hf{Q) is a Hilbert space with respect to the norm || • \\i^2- 



(2.4) 



1/2 



Consider the subspace Hfj^ (fl) of Hf (fl) defined by 



dl 

dv 







an 



The operator (—A)' defines a self-adjoint operator acting on Hf j-,(p) with discrete eigenvalues < Ai < 
■ • • < Afe < • • • for the buckling problem (2.1) and the eigenfunctions {ui}'^-^ defined in (2.2) form a 
complete orthonormal basis for the Hilbert space Hfjj{Q). li (p G Hfj-,{yi) satisfies {<j),Uj)D = 0, Vj = 
1, 2, • • • , A:, then the Rayleigh-Ritz inequality tells us that 



(2.5) 



Afe+i||.^||i < / .^(-A)' 
Jn 



For vector- valued functions F = {fi, f2, ■ ■ ■ , fm), G = {gi, g2, ■ ■ ■ , g-m) '■ ^ -K™, we define an inner 
product (F, G) by 



n p lit 

{F,G)= / {F,G)= / Y^Ua. 
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The norm of F is given by 



{» rn ^ 1/2 



Let Hiift) be the Hilbcrt space of vector- valued functions given by 



Ul{n) = {F = {h,---,fm):^^M"'; /„, |V/a| G L^^Q), for a = 1, • • • , m} 



with norm 



\F\\,= (^\\F\f + I^ElV/^pj . 



Observe that a vector field on Q can be regarded as a vector- valued function from to -K™. Let 
Hf £)(0) c H^(f2) be a subspace of H^(f2) spanned by the vector- valued functions {Vuij^^, which form 
a complete orthonormal basis of £,(0). For any / e Hfj-i{n), we have V/ € Hf £,(0) and for any 
X e £,(r2), there exists a function / e Hij-,{Q) such that X = V/. 



Lemma 2.1. ief and Aj, i = 1, 2, • • • , be as in (2.2), then 

(2.6) < / Ui(-A)'=ui < 

J M 

Proof of Lemma 2.1. When fee {1, • • • , Z — 1} is even, we have 

(2.7) / Ui{-l\fui= j UiA^Ui= j (A'^/^^i)' >0. 
On the other hand, iffce{l,---,Z — l}is odd, it holds 



Jm Jm 

= _ /■ A('=-i)/2«,AfA('=-i)/2ui) 
Jm ^ ' 

v(a('=-^)/^«,)|' 



> 0. 

Thus the inequality at the left hand side of (2.6) holds. Observe that when k is even, we have 

(2.8) / Ui{-t^fui = [ A'=/2-i^i,A (a'^/^u,) 

Jm Jm ^ ' 

V (A'^/^-in,) V (A'^/^n,) 



< 



M 



M 



(a'^/^-Iw,) 



1/2 



M 



(a'=/^«,) 



1/2 



M 



1/2 



- / A'=/2«iA'=/2+i«, 
Jm 



1/2 
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On the other hand, when n is odd, it holds 

(2.9) / Ui{-^fui = [ (-A)('=-i)/2«,(-A)('=+i)/2 

Jm Jm 

, (/„((-A)"-«.)0"(/„((-^''"'"-)T'' 



Thus we always have 



1/2 / X 1/2 

'm 



1/2 / ^ \ 1/2 

Ui 



(2.10) / Ui{-A)''ui <( I u,{-Af-'u,) ( I Ui{-Af+^ 

JM \Jm J \Jm 

When A; = 1 or / = 2, the right hand side of (2.6) holds obviously. Now we consider the case that I > 2 
and k>2. We claim now that for any fc = 2, ■ • • , Z — 1, it holds 



(2.11) ( [ Ui{-A)'^u,) <( [ Ui{-A) 

\Jm J \Jm 



> fe-i 

fc+i„ 



Since 



/ UiA'^Ui = / AuiAui = — VAujVui 
Jn Jn Jn 



In Jn Jn 

we have from Schwarz inequality that 

(2.12) ( [ UiA\,) <( [ \\/Aui\A ( [ \Vui\A = - [ AuiA^Ui = [ Ui{-A^Ui). 
\Jn J \Jn J \Jq / Jn Jn 

Hence (2.11) holds when k = 2. Suppose that (2.11) holds for A; — 1, that is 

(2.13) Uui{-A)''-\A <nui{-AM . 

Substituting (2.13) into (2.10), we know that (2.6) is true for k. Using (2.6) repeatedly, we get 

(fe-l)//C / „ X (fc-l)/((-l) 



(fe-i)/(;-i) 



Ui{-Afui < n Ui{-Af+\A <■■■<{ Ui{-AyuA = A 

This completes the proof of Lemma 2.1. 

Lemma 2.2. Let {oi}™ i, i and {ci}^^ be three sequences of non-negative real numbers with 

{a,} decreasing and {bi} and {ci}™ ^ increasing. Then the following inequality holds: 

Proof. When m = 1, (2.14) holds trivally. Suppose that (2.14) holds when m = k, that is 
(2.15) {t.<'Ib)j (j2^,c^ ^ (E^?) (E«^&^^^) • 
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Then when m = fc + 1, wc have from (2.15) that 

/fc+i \ /fc+i \ /fc+i \ /fc+i \ 

(2.16) (^"v (^"^^'^7 " (^"^^7 (^"^''7 

(k \ / k \ / \ / \ ^ 

i=l / \i=l / \i=l / / i=l 

-afe+i6fe+i ^ ctiCj + afe+i6fe+iCfe+i ^ Oi - ak+iCk+i ^ a^6i 

fc fe 

^ '^fc+i X! ~ afe+i&fe+i ^ aiCi + afe+i6fe+iCfe+i ^ a? - afe+iCfe+i ^ o^6i 

i=l i=l i=l i=l 

= -oifc+i - bi)aiCi + ttk+iCk+i ^ af{bk+i - h) 

i=l i=l 

fe 

= ^afe+iai(''fe+i - bi){ck+iai - Ofe+iCi) 
> 0. 

Where in the last inequahty we have used the fact that 

ak+idiih+i - bi){ck+iai - afe+ic,) > 0, i = 1, • • • , fc. 
Thus (2.14) holds for m = A; + 1. This completes the proof of Lemma 2.2. 

The following result is the so called Reverse Chebyshev Inequality (cf. [HLP]). 

Lemma 2.4. Suppose {ai}^-^ and {bi}'^-^ are two real sequences with {oi} increasing and {6^} 
decreasing. Then the following inequality holds: 

We are now ready to prove the main results in this paper. 

Proof of Theorem, 1.1. With the notations as above, wc consider now the special case that is a 
connected bounded domain in iR". Denote by Xi,---,Xn the coordinate functions on iR" and let us 
decompose the vector- valued functions XaVwj as 

(2.18) XaVUi = V/^a, + Wai, 

where hai € if2,£)(^)> V/iai is the projection of Xa^Ui in ^,(^2) and Wai -L Hf_£,(Jl). Thus we have 

(2.19) W«,|an = 0, and (VF„„ Vm) = / {W^,,Vu) = 0, for any ueHfjj{n) 

and from the discussions in [CY3] and [WX2] we know that 

(2.20) div Wai = 0, 

where for a vector field Z on fl, div Z denotes the divergence of Z. 
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For each a = 1, ■ ■ ■ ,n, i = 1, ■ ■ ■ , k, consider the functions (j)ai : O — > JR, given by 

fc 

(2.21) (pai — hcii ^ ^^ Claij ? 



where 
(2.22) 

We have 
(2.23) 



Jn 



3m I an 



d4>o 



dv 



d 



an 



= 0, 



an 



(2.24) (</>m, %)d = / (V(/)a», Vuj) = 0, Vj = 1, • • • , A:. 

Jn 

It then follows from the Rayleigh-Ritz inequality for A^+i that 

(2.25) Afc+i / |V(/)„i|^ < / (/>ai(-A)'0„i, VQ! = l,---,n, i = l,---,k. 

Jn J D 

Since div W^n = 0, we have from (2.18) and (2.21) that 



div(a;a Viti) — ^^OaijAuj 



3=1 



where Uj,a = Thus we have 



(2.26) (-A)'</>„i = {-ifA^-^ {ui,„+XcAui)+J2aaijAj^Uj 



Since 



/ (t)oii^Uj = - {S/(l)ai,yUj) = 0, 

Jn Jn 

A'--^{XaAui) = 2{l - 2)(A'-^Mi),« + XaA^'^Ui 



We have 



(2.27/ </.„i(-A)'</.„i 
Jn 

lai(-l)' A'"^ (Ui,a + XaAu^) 



/ /i„j(-l)'A' 1 (ui,„ + a;aAui) - V aaij / Uji-A^Ki 
Jn >/n 
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= / Ahai{-iyA' ^(ui,a + a;aAuj)- Va„jj / /iai(-A)'uj 
Jn Jn 

= [ A/ic,i(-l)'((A'"^Mi),a + A'-2(a;„Aui)) + VAj-ttc^y / ha^iAuj 
Jn in 

= / (-l)'(Wi,a + XaAUi){{2l - 3){A^-^Ui),a + X^A^-^i)) - V Aja„ij- / (V/lai, VUj) 

Jn j^-^ Jn 

= [ (-1)'((2Z - 3)(Ui,a(A'-2Mi),„ + XcAUi{A^-'^Ui),a) + Ui^aXaA^-'^Ui + X^AUjA'-^Mi) - V AjO; 

Jn . 1 



2 

3- ' 



Let us make some calculations. Since 

A'-^(a;««i) = 2(; - l)(A'-2ui)^„ + XcA'-^Ui, 

we have 

(2.28) / XaUi{A'--^Ui)^cc = / XcMiA'-^Uj^o; 

Jn Jn 

= / A'~^(XaMi)Mi,Q, 

Jn 

= f (2(Z-l)(A'-2ui)_„+x„A'-iui)ui,c 
in 

On the other hand, it holds 

(2.29) XocUi{A^~'^Ui)^a = - A^-'^Ui{Ui + XaUi^a)- 

Jn Jn 
Combining (2.28) and (2.29), we obtain 

(2.30) / XaUi{A^-^Ui),a 

Jn 



Im { 



Hence 



(2.31) / XaUi^aA^-'^Ui = - Ui(A'-lui + Xa(A'-lui),„) 

Jn Jn 

= -J |(l - l)(A'-2y^)_^y^_^ + iu.A'-iw,| 

and consequently, we have 

(2.32) / a;„Aui(A'-2ui),a = / x^AuiA^-^Ui^c, 
Jn Jn 

= / A^^^{XaAui)Ui^a 

Jn 

= [ Ui,„(2(Z-2)(A'-2Mi)_„+a;„A'-iui) 
Jn 

(l - 3){A'-^Ui),a,Ui,a - iwiA'-lwij . 
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Also, one has 



(2.33) / Uixl,AUi = - x'i\VUif-2 / XaUiUi^a 

Jn Jn Jn 

= - [ xl\yui\^+ [ ul 
Jn Jn 



(2.34) / xlAuiA^-^Ui = [ UiA{xlA^-\i) 

Jn Jn 

= / Ui{2A^-^U^ + xlA^U,+4Xa{A^~^Ui)^a) 

Jn 

= [ Ui{2A^-\i + {-ly-^AixlAui + 4a;„(A'-iui),„). 
Jn 

Combining (2.30), (2.33) and (2.34), we get 



(2.35) 



/ xlAuiA^-\ 
Jn 



/ (A'-2u,),„Wi,„ + (-l)'-iAJ- / xl\Vu,\'+ / u', 
Jn I Jn Jn 



Substituting (2.32), (2.33) and (2.35) into (2.27), one gets 

(2.36) f (t)ai{-Af(t)ai = /"(-l)'{(-Z + l)UiA'-lw, + (2|2-4; + 3)(A'-2ui),aUi,a} 

Jn Jn 



KJn Jn ) j^-^ 

It is easy to see that 

fc 

(2.37) IKVuiW^ = ||Vft«i|p + \\W^i\\\ ||Vft«if = WV^aiW + 

i=i 

where for a vector field Z on ft, \\Z\\^ = \Z\^. Combining (2.25), (2.36) and (2.37), we infer 

(2.38) (Afe+i-Ai)||V<^ai||' < /'(-l)'{(-Z + l)wiA'-iui + (2/2-4Z + 3)(A'-V),aWi,a} 

Jn 

k 

-A,(|K||2 - + ^(A, - A,)a^,^., 

Observe that V{xaUi) = UiVxa + XaWui € Hf £,(f2). For Ad = V{xaUi — hai), we have 

(2.39) UiVXa = Ad - WoA 

and so 



lkl|' = ||«.Va;„||^ = ||l^„,||^ + ||A, 
Because of (Vuj^a, W^i) = 0, it follows that 



2||Ui,a||2 = -2 jjUiVXc^^Ui^a) = -2 jjAd,yUi,a) < AV^' '^ll^mll^ + ^i/^;.!) 1 1 V»i 
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which gives 

(2.40) -H\Ac.i\? < -2Af-^)/('-i)||«,,„||2 + Af-3)/('-^)||Vu,,„||^ 
Introducing (2.40) into (2.38), we get 

(2.41) (Afe+i-Ai)||V0„i||2 < / (-l)'{(-/ + l)«iA'-iwi + (2i2-4; + 3)(A'-V),a«i,4 

Jn 



-2A™-^)||u,«||2 + Af-^)/('-^)||V«,«||^ + ^(A,-A,)"^ 



Since 



Jn Jq ' Jn 

Jn Jn 



2 / W-_„ + 2 / UiXa{AUt)^a+4: / {UiSIXa,^Ui^a) 

Jn Jn Jn 

2 / '"i,a-2 / /^Ui{Ui + XaUi^a) - / Wi,adiv(uiVa;a) 

Jn ' Jn Jn 

2 ul^ + 2~2 XaUi^a^U, - 4 / ul^ 

Jn Jn Jn 

-2 I ul^ + 2 + 2 I {WUi, V{XaUi,a)} 

Jn Jn 

2 + 2 Xa{VUi,VUi^a), 



n 



we have 



(2.42) ^2 / Xa(VUi,VUi,a) = 1. 

Jn 



Set 



Jn 



In 

then daij = —daji and we have from (2.18), (2.20) and (2.21) that 
(2.43) 1 = -2 / a;„(Vui,Vwi,c<) 

Jn 



Jn . 1 



Thus, we have 

(2.44) (Afe+i - Aif f 1 + 2 5^ aaijda^J 
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where 5 is any positive constant. Substituting (2.41) into (2.44), we get 



'iiv</.„.ip+i(A,+i-Ao i^vu^A? -iyi}j 



k 

(Afc+i-Ai)2 I 1 + 2^ 



< 5(Afc+i - Kif (^y^(-l)' {{-I + l)uA^-^Ui + (2/2 -AI + 3)(A'-2ui),„Ui,,} 
-2Ar I K,„ I r + Af- 1 1 V.,. I r + ^(A, - A,)aV 



+i(A,+i-A,) ^||Vu,,„||2-X:rfL,j, 
Summing on i from 1 to A; and noticing the fact that aaij = aaji, daij = —daji, we infer 

k k 

(2.45) ^{^k+i - Kf - 2 X! (^fc+i - ^»)(Ai - Aj)aaijdaij 

< (5 (^(^^^+1 - ^i)' ■^^"^ ^ l)uiA'~'ui + (2/2 - 4Z + 3)(A'-2uO,aUi,a} 

-2Af-^)/('-^)||u,„||2 + Af-^)/('-^)||Vu,„||2) - ^ (A,+i - AO(A, - A,)^a2,. 

i,j=l 

(k k \ 

^(Afe+i - Ai)||V«i,a||2 - ^ (Afe+1 - Ai)dlij ) , 
i=i j,j=i / 



which gives 

k 



(2.46) ^(Afc+i - Aif 

i=l 

< (5^(Afe+i - Ai)2 (^(-1)' + ^)uiA'-^Ui + {2f + 3)(A'-2«i),«Ui,«} 

k 

-2Af-2)/('-i)||«,„||2 + Af-3)/('-i)||Vu,,„||2) + i^(Afe+i - Kmu,,„\\\ 

i=l 

Taking sum for a from 1 to n, we get 
fc 

n^(Afe+i - Aj)2 



i=l 



14 



k 

< Sj2{Ak+i-Aif (^J^{-iy{n{-l + l)uiA'-\i + {2f-Al + 3){V{A^-\i),Wui)} 

n \ ^ k n 

a— 1 / 2—1 a=l 

fe / n r ^ 

= SJ2{A,+^ - A,f ( -2Af-^)/('-^) + Af-3)/('-i) ^J|Vu,,„||2 + (2/2 + _ 4)Z + 3 - n) «,(-A)'-in, 



But 



in 1 



Jn 

= [ UiA', 
Jn 



fc 

'^i.fynAlli 



o2 

where 

'^i.aa — qJs^ ■ Thus, we have 



(2.47) n^(Afc+i-AO' 

< <5g(A,+,-A,)2(-2Af-2)/('-^)+A™-^) |^t.,A^ 



+(2Z2 + (n-4)Z + 3-n) ^ Ui(-A)'-^Ui^ + i ^(Afc+i - A^) y" WiA^Ui. 

Taking A: = 2 and k = I — 1 in (2.6), respectively, one gets 

/ u.{-Ay-\, < Af-^)/('-^ / u,A\, < Ay('-^) 
in Jn 

which, combining with (2.47) imphes that 



fc 

n 

1=1 

fc 



< 6{2l' + (n-4)l + 2- n) ^(Afc+i - A^fAf^/^'-'^ + ] ^(^^+1 - M)^^^'-'^- 

i=l i=l 
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Taking 

1/2 



{(2/2 + (n _ 4)/ + 2 - n) Elii^k+i - AO^Af-^^/^'-^^}'^' ' 

we get (1.13). This completes the proof of Theorem 1.1. 
Proof of Corollary 1.1. It follows from (2.17) that 

(2.48) Y^K,^, - AO A^/f'-) < 1 {^[K,^, - A,) j (^^J ^i"""') 



and 

k \ / k 



Al-2)/{l-l) 



(2.49) $:(A.+, - AO^Af-)/('-) < 1 (^5:(A.+, - A.)^ ) ( J] A^ 

Introducing (2.48) and (2.49) into (1.13), we infer 

k 

^(Afe+i - Aif 

Solving this quadratic polynomial about Afc_|_i, one gets (1.14). 
Prom (2.14), we have 



E(A^+i - AO^Al'-)/('-) X:(^^+i - A.)Al/('-^) < i:(A,+, - A,)^ Y.(^,^^ ' ^^)^^ \ ■ 
.i=l J U=l J U=l J U=l 



It then follows from (1.13) that 

^(A,« - A.)^ < m'^(n-m + ,-n> _ ^^^^^^ 

i=l " i=l 

which implies (1.15). This completes the proof of Corollary 1.1. 

Proof of Theorem 1.2. We use the same notations as in the beginning of this section and take M to 
be the unit n-sphere ^"(1). Let xi,X2, • • • ,Xn+\ be the standard coordinate functons of the Euclidean 
space iR"+i; then 



^"(1) = I (^1 , • • ■ , ^n+l) e ; E = 1 1 • 



It is well known that 

(2.50) Axa = —nXoi, a = 1, • • • ,n+ 1. 

As in the proof of Theorem 1.1, we decompose the vector- valued functions XaWui as 

(2.51) XcVUi = Whai + Wai, 
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where hai € Hfjj{il), Vhai is the projection of XaVui in Wai -L H.1jj{Q) and 

(2.52) Wc,i\oa = 0, div W„i = 0. 

We also consider the functions (pai : ^ iR, given by 

k 



(2.53) 
Then 



,=1 Jn 



du 



gl- 



= 0, 



da 



{(t>m,Uj)D= / (V(/)m, Vuj) = 0, Vj = !,•••, A; 
and we have the basic Rayleigh-Ritz inequahty for A^+i : 

(2.54) Ak+i [ |V0ai|'< / 0ai(-A)Vm, Vtt = 1, • • • , n, i = l,---,A;. 

Jn Jd 



We have 
(2.55) 



and as in the proof of (2.27), 

(2.56) / .^„i(-A)Vai 
Jn 

= I (-l)'((Vxa,Vui)+XaAui)A'-2((Vxa,Vui) + a;«Aui)- VAj6^ 

,=1 

For a function g on fi, we have (cf. (2.31) in [WX2]) 

(2.57) A(Va;„, V^) = -2xocAg + (Vxc«, V((A + n - 2)^)). 

For each g = 0, 1, • • •, thanks to (2.50) and (2.57), there are polynomials Fq and Gq of degree q such that 

(2.58) A«((Va;c«, VUi) + Xa^m) = XaFq{A)Aui + {VXa, V{Gq{A)Ui)). 

It is obvious that 

(2.59) Fo = l, Go = l- 
It follows from (2.50) and (2.57) that 

(2.60) A{xaAui + {Vxa, Vui)) = Xa{A -{n + 2))Aui + {Vxa, V((3A + n - 2)ui)) 
which gives 

(2.61) Fi{t) = t- {n + 2), Gi{t) = St + n - 2. 
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Also, when g > 2, we have 

(2.62) A«((Vxa, Vui) + x„Am,) 

= A(A«-i((Vx„,Vui) +a;„Au,)) 

= A(xaF,_i(A)AM, + (Vxa, V(Gg_i(A)M,))) 

= x„((A - n)F5_i(A) - 2G,_i(A))Awi + (Va;„, V(((A + n - 2)G',_i(A) + 2AFq_i(A)K)) 
which, combining with (2.58), imphes that 

(2.63) F,(A) = (A-n)F,_i(A)-2G,_i(A), g = 2, • • • , 

(2.64) G,(A) = (A + n-2)Gg_i(A) + 2AF,_i(A), g = 2, • • • . 

It then follows from (2.63) and (2.64) that 

Fg{A) = (A-n)F,_i(A)-2((A + n-2)G,_2(A) + 2AFg_2(A)) 

= (A - n)F,_i(A) + (A + n - 2)(Fg_i(A) - (A - n)F,_2(A)) - 4AF,_2(A) 
= (2A - 2)F,_i(A) - (A^ + 2A - n{n - 2))F,_2(A) 

and 

G,(A) = (A + n-2)G,_i(A) + 2A((A-n)F,_2(A)-2G,_2(A)) 

= (A + n - 2)G,_i(A) + (A - n)(G,_i(A) - (A + n - 2)G,_2(A)) - 4AGg_2(A) 
= (2A - 2)Gg_i(A) - (A2 + 2A - n{n - 2))G,_2(A). 

Thus, we have 

(2.65) F,(t) = (2i - 2)F,_i(t) - (t^ +2t- n(n - 2))F,_2(t), 

(2.66) Gq{t) = {2t-2)Gq-i{t)~{t^ + 2t-n{n-2))Gq-2{t), 9 = 2, • • • . 

That is, the polynomials Fq and Gq arc defined inductively by (1.17)-(1.19). Substituting 

(2.67) A^-^{{Vxa,Vui) + XaAui) = XaFi_2iA)Aui + (Va;a, V(G(_2(A)Mi)) 
into (2.56), we get 

(2.68) / </.«i(-A)'<^„i 
Jn 

= [ (-l)'((Va;a, Vui)(Vx„, V(G;_2(A)wi)) + (x^Vxa, AwiV(G(_2(A)wi) + {Fi_2{A)Aui)Vui)) 
Jn 

k 

+ j {-iyxlAuiFi_2{A){Aui)-J2^jbl 



Summing over a and noticing 

(2.69) J2^» = '^' J2{Vxc,,Vui){Vxa,V{Gi-2{A)ui)) = {Vui,V{Gi-2{A)ui)), 

a—l a—1 

we get from (1.20) and (2.6) that 

n+l . 

(2.70) V / </.ai(-A)Vai 
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71+1 k 

= [ (-l)'-in,A(G;_2(AK) + / (-1)'«,A(F,_2(A)(A«0) - E E^^^'^. 

n+1 k 

= [ i-lYu, (A(F,_2(A) - (G;_2(A)) (A«,) - E E^i''«». 

a=l j=l 

„ n+1 k 

= / i-lYui (A'-i + a,_2A'-2 + . . . + ai A + ao) {Am) -EE ^J^i 

„ n+1 k 

= Ai+ i-lYui (a;_2A'-2 + . . . + ai A + ao) (Au^) "EE ^J'^^^j 

•^^ a=l j = l 

^— 2 n+1 k 

< A, + Ek.i / «i(-Ay+v-EEVaii 



^ 2 n+1 

< A,+EKiAr^'-^^-EEvLr 

j=0 a=l j=l 

Observe from (2.51) and (2.53) that 

k 

(2.71) \KVui\f = + = \\Vct>ai\f + \\Wci\f + E^'ii- 
Summing over a, one gets 

71+1 / k 

(2.72) 1 = E ll^<^"*ll' + ll^-ll' + E^"i. 

a=l \ j=l 

Set 

n — 2 /■ 

(2.73) Zai = V{VXa, VUi) aJaVUj, Caij = / (VMj, Zai); 

^ Jq 

then Caij = —Caji (cf. Lemma in [WX2]). By using the same arguments as in the proof of (2.37) in 
[WX2], we have 

(2.74) {Ak+i-Aif ^\\{Vxa,Vui)\f + J^{Vxl, Aw^Vwi) + (n - 2)||a;aVwi|p + 2E^m,c„y j 



at I 



where 6 is any positive constant. Since 

n+1 



(2.75) ElK^^"'^"i)ll' = / |V«i|' = l, 
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we have by summing over a in (2.74) from 1 to n + 1 that 

n+l k 



(2.76) 



a=l j=l 



n+l 



n+l 



,2 



c«=l 



n + l 



+ {n-2)J2i^k+i-Aif\\Wa 



a=l 



It follows from (2.6) and (2.57) that 

n+l 

(2.77) Y^\\V{Vxc„Vui 



n+l 



= (Vx«,Vui)A(Vx„,Vui) 

n+l „ 

= -12 "^"i) {-^XaAui + (Va;„, V(Awi)) + (n - 2)(Va;a, Vui)) 



(VM„V(AwO)-(n-2)||Vzi^|p 



n-2) 



< Al/('-^)-(n-2) 



and so 
(2.78) 



n+l 



a=l 



n — 2 

V(Va;a, Vwi) r— XaVwj 



n 

n+l 



n-t-i / „ 

y (||V(Va;a,Vui)||2-(n-2) / (V(Vxa,Vui), a;„Vui) + 
^^1 V Jn 



(n - 2)2 



< A^^'-'^ _ (n - 2) + (n - 2) + 



{n - 2f ^ ^i/(,_i) (n-2) 



Since 



(VXcVUj)^ = / {{'VXa,VUi)VUi,VXa) 

sn Jn 



= - Xa div {{Vx a, 'VUi)VUi) 

Jn 

= — {Xa^Ui,VlyXa,VUi)) — i Xa{'^Xa,'VUi)Aui 

Jn Jn 

= - {Vhai + Wai,'V{'VXa,'VUi)} - / Xa{'VXa,'VUi)Aui 

Jn Jn 

= - [ (V/iai,V(Va;„,Vw,))-i / (V4,Vu,)Au„ 
Jn ^ Jn 
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we have 

n+l „ n+1 



i)) 



which gives 

n+l 

^||V(Vx„,V«i)|p>0. 



a=l 



It then follows from (2.77) that aV^' - (n - 2) > and 



n+l 



1 = - V / (V/iai,V(Va;a,Vui)) 

a=l \ "-i 2) 

= ^ + ^E((Al''"'-(--2))iiv/.«.ir. 

a=l 

Thus, we have 

(2.79) -El|V/i„i||2 <- 



and consequently, one has 



n+l n+l - 

(2.80) 11^-11' = E _ ||^^^.||2^ < 1 _ TT7(I3Tr^ -■ 

a=l a=l Aj - (n - 2) 

From = hajh Caij = -Caji, we have 

fe fe 

(2.81) 2 ^ (Afc+i - kifbaijCaij = -2 ^ (Afc+i - Ai)(Aj - Kj)baxjCaij 

i,j=l j,j=l 



(2.82) 5 (A'^+i - ^^)'(^' - = E (^^+1 - ^')(^* - A^)'^«^r 

ij=l i,j=l 



Combining (2.54), (2.70) and (2.72), we get 



(2.83) ^(Afe+i-Ai)||V0, 



n+l 



a=l 

^ 2 n+l n+l 

< Y i^-iAi^^'"'^ + E + E E(^^ - 

j=0 a=l a=l j=l 

We have by substituting (2.83) into (2.76) that 

(n+l fe 
n + 2^^6„i,Cay 
a=l j=l 
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1-2 n+1 k 



j=0 a=l j=l 

n+1 / k \ n+1 

2 



a=l \ j=l I a=l 



a* 



Hence, by summing over i from 1 to A; and noticing (2.78), (2.80), (2.81) and (2.82), we infer 
k 

i^(Afe+i - Ai)2 



k 

n 

i=l 

1-2 A A "+1 

< ^(A.+i - K,f ^ |a,|A^-/(^-i) + ^ A^lLzAl ^ ||^, 

j=0 i=l a=l 

fe n+1 

+ E E(^fc+i - + n-2)\\W, 



i=l a=l 



i=l j=0 i=l ^ ^ 

+ ^(Afc+i-Ai)2(<5A,+n-2) (l 



Ay('^i)-(n-2), 



That is 



(2.85) ^(Afc+i -A,)2 [2+ — 

i=l V 



n-2 



V('-i)_(„_2)^ 

^ i/(i-i) , (n-2)- 



K 1 ^ / 

< 5 Y.^Kk+1 - ^ifm + - E(Afe+i - A,) ( Aj/('-^) + 

i=l i=l ^ 

where Hi is given by (1-22). This completes the proof of Theorem 1.2. 
Proof of Corollary 1.2. Taking 

^^{eL(a.+i-ao(a1/('-^^ + ^)}^'' 



in (1.21), we have 

n-2 \ 



1/2 



k / 

(2.86) ^(Afe+i-Ai)2 [2 + 



Aj/('-)-(n-2)^ 



< 2|^(Afc+i-A0'ifi| X |^(Afe+i-Ai)(Aj/('-^) + 



i/(z-i) ^ {n - 2)^ 
4 



1/2 



Since 



n-2 n-2 
2 H 7777 ^ 2 H r-TTT TT — o/;, i — 1, • • • , fc, 

Ai/('-i)_(„_2) A^/('-^)-(n-2) 



22 



we have 

fc 



(2.87) ^(A,+i - K,f 2 + I ^ > S, ^(A,+i - A, 

i=i V K -Kn-2)J 



i=l 



and we infer from Lemma 2.1 that 

(2.88) 



i:(A.+i - AO^iJ.j X |^(A,+, - A,) (aJ/(-^) + I 



fc r fc 



< I - Aif \ X <^ ^(Afe+i - A,)iJ, A,^ 



, i=l ; U=l 

' fc ~> C fc 



_^ (n - 2) 



(.1=1 ) ) 

where and Tj are defined as in (1.26). Substituting (2.87) and (2.88) into (2.86), one gets 

fc 



^(A,+i - K^f < ± 5^(A,+i - A,)r„ 



C2 

where Ak+i and Bk+i are given by (1.25). Solving this quadratic polynomial about Afe+i, wc get (1.24). 
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